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NOTISONTHELAfRANGIANMULTIPLIERMETEOD
m Wm=mm ANALyS~
By BernardBudianeIky,Pal C. Hu,m Robertw. co-r
SUIW!RY
Newapplicationsof theIagrangianmultipliernthod tostabllity
analysisaredescribedbymeansof elenwmtaryexanqdss.Thnuseof
themethodinanalyzingthe8tabi13tyof (a)clampedplatesIn shear
and(b)pl.ate+tiffenercodtd.nationsisdemonstrated.A detailed
analysisforfindingupperandlowerMmIts to criticalstressesof
clampedreckngulexplatesispresentedinsnappendix. ——..—--
INTRODUCTION
b
Theuseof theLagran@anmultlpl.iermthod tocslculateupperand
lowerlimitstathecriticalcompressivestressof a clampedplatewas
presentedinreference1. Theproceduresof reference1 havebeen
directlyusedtoanalyzethestabilityof clampedplatesundercom-
pressionintwodirections(referenoe2, footnote)andmaY be used, . ,
withMttlemodification,tofindvlbratlonfrequenciesof clamped
platesl Thepurposeof thepresentpaper1s todescribeadditional
applicationsof theLagmn@sn multipliermethodtotk elastic-
stabilltysnalysisof (a)clampedplatesinsheersnd(b)plate-
st1ffenercombinations.Elemntaryexamplesareusedtobringoutthe
essentialfeaturesinvolvedinapplflngthemethodto thssetypesof
problems.A detailedanalysisforfindingupperendlowerlimitsto
criticalshearstressesof finiteclampedpktes isgiveninen
appendlx.
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stiffeneromss-sectionalrea
crittcal
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—
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T externalworkof appliedstress
m,n,i,J,p,q integers
5m Kroneckerdelta:llf m-n; Oir m+n
( )4+%)An = 1 + 4n2~22
Bn = %
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3
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Subscrfpt6:
pl plate
8tiff stlffener
NEKLRG m SEMR
Consideran infinitely
in theaoocmpsn@ngaketoh:
OFAN INFIl?IiELY14XKJC~ PLATE
ongolaq)odPkti loadedIn shearas
7
~~
////////////l//~/////l////f////////////////////////////~~ ~ ~
Thepmblomof findingtheoritioelshe= stress,forwhloht!iere
.
.
Slmwn
exists
... ,_
an exactsolutionby thedifferentialequationapproaoh(referenoe3),
wUl be solvedby theLa@’an@anmaltlpllermtlmd.
Boundavconditions.-It ise~identthatonlytbeboundaryoondl-
tionsdonq the10ZMSd@S affoot ~ buo~ Streo@. _ ~Y
condltlonsof t~ pmbleaarethen:
Zeroclefleotion,longedges
‘ ‘+$)”-‘@)=0
Zeroslope,lo= edges
(1)
(2)
.
.
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Fourierexpansion.-Thedeflectionsurfaceof thebuckledplateis
knowntobe harmmlcalonglongitudinalseotions;thedeflectionsurface
maythereforebe representedIntheform
w= mfl( Y) sin~ + f2(y)cos~ (3)
whereL is the half+?avelength.Thenecessityremainsof choosing
suitableFourierexpressiorisfor fl(y) ~d
. Legran@anmultipliernmthod.It isdesired
B8tlB~ tb
(a)In
Bymmetrtcel
conditionsthat:
theregion (-kJ& (-; S;)Z
(seeprecedingsketch)aboutthe
(b)TheJpotentialenergyexpressionfor
fJy) f= useinthe-
thattx serieschosen
theLeflsctionw be
origin
thebuckledplate,calcu-
latedon thebasisof thes&cifiedexpressionfor w, consistof
integralsof productsof functionswhichformorthogonalsets.
An expressionsatisfyingtheserequlre=ntsis
z mW.sti %llIyF a@nT+cos~ E& 00s~ (4)n.1 n=O
Thefulfillmsntof condition(b)isverifiedInthefollowingsection,
inwhichtheenergyexpressionsarecalculated.Thedesirabilityof the
conditionwillbeco= evidentwhenthefinalstabilitycriterionIs
.
derived.
Energyerpressions.-Substituthgthevaluefor w
intotheformulaeforbendingenergyandwork
,=:J[{(s+$y-2(1 -.)[s$-&):
fromequation(4)
1-Q (5)
.
(6)
.(n
Then, .
‘1
1
i%oT.k —b%
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constrainingrelationships.-X%1therof theclamped+dgeboundxu?y
conditions(1)and(2)aresatisfiedtermby termby thee~ion (4);
conatraintngconditionsmu6tthereforebe impo6edon theFouriercoef-
ficients~ and ~. Theseconstraini~relationshipsare,forzero
deflection, -—
u)
andforzeroslope,
(9) .
Stabilitycriterion.-Theenergy~thod requiresthat V -T be
minimizedwithrespecto the ats and d’s. Sinoethe a~s and dts
H, however,boundby equations(8)end(9), theminimizationis
performedby theLagrangiannmltiplier-thod by minimizing
(lo)
withrespecto the a*e and dts. TheLagrsngianmultipliersere v
- !. Thecompbtesetof equationsforminimizingV - T with
tb a’s and titsboundby theconditionsgivenInequations(8)
and(9) thenbecomes
aF .0
%
(n = 1,2,3,...)
aF
~-”
(n = 0,1,2,...)
mz (-l)n ~ = o
n=O ‘
mzn(-l)nan = O
(8)
(11)
(12)
(9)
n.1
8. NACATN NO*
Substitutingequation(7)into equation(10)andequation(10)into
equations(U.) and(12)gives
2 22n- flksp>q . n(-l)n( (n= 1,2,3,...)2[1+ 4Pn)a
- @ssll&>an+ 2(1+ 4@%2)2@ + t&J~ = (-l)n~
(n= 0,1,2,...)
Soltingequations(13)and(14)simultaneously
.-
Where
1558
(13) .
(14)
(15)
(16)
.
*
—
.
.
--
inwhich
,.
.
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Substitutingequations(15)and(16)tntoequations(9)and(8),
ret3pectively,
Thecondition
jields
that a nonvanlshfng
as thefinalstabilityoriterion
LI (17)
n.1
J
solutionexistsfor f.Land ~ givef3
(18)
Fora givenvalueof P, themil.ueof ~ thatsatisfies
equation(18) canbe foundby trialsubstitutions dinterpolation.
TheCorreotvalueof p Is thatwhichgivesthelowestvalueof ks.
For S = 0.80,equatton(18)yieldsks = 8.989 whichagreeswiththe
solutionobtainedby Southwellby thedlfferential+quationapproach
(reference3).
Discussionofmthod;furtherapplfcatione.-In theusualappli-
cationof theRaylel@-4?itzm?hhod,an infinitesetof equations
involvinglnfinltelymsnydeflectioncoefficientsi obtainedwhenthe
energyexpressionV - T is minimized;theexactstabilitycriterion
is thenan infinitodeterminantobtainedfromtheseequations.The ‘
simplicityof thesolutionjustobtalnod,however,isdueto thefact
thatitwaspracticableto transferconsiderationf infinitelymsny
Fouriercoefficientso considerationf onlytwoLagranglsn
multipliers.An essentialfeatureof thesolutionthatpermftsthis
sinrplificattonisthefactthatthesubstitutionf theexpension
chosenfor w (equation(4)) Intotheexpressionsfor V end T
(equations(5)end(6) ) leadsto inta~alsofproductsof ~ctions
whichformorthogonalsets. It thenbeco~sa simplemattertosolve
theminimizingequations(13)and(14) fortheFouriercoefictentsIn
termsof theLagrsngianmultiplier(equations(15)and(16)),substitute
backintotheconstrainingrelationships(8)and(9),andderivethe
stabilltycriterionfromtheconditionthattherebe a nonvzu>ishing
solutionforthe~sngi anmultipliers.
10
—.
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StabllttyproblemsInvolvingfiniterectxuwularplatesMEWrequ!re
doublerathertha.usfngleFourierexpansionsforusein theT,wwM an
multiplier~thod. However,~ properchoiceof series,w;thdue
attentiontoorthogonsddt.yconsiderations,wouldstillmakeIt~sslble
to solveforInfinitelymanyFouriercoefficlents in termsof
Lagranglanmultipliers.AppendixA presentsa Bolution by the
~%fi:~n mult~pliermethod~ortheproblemof thebucklfnginshear
of a rectangularplateclampedon alleide6.’Althoughit waspossible
toobtainan exactsolutionfortheirifinltelylongplate,thesolutlon
forfiniteplatesisapproximate;however,as in theCompmssive
buckl.lngproblemdiscusaed~n reference1, it ispxmibletoobtain
approximab solutionsin twodifferentways,whichpermitthecompu-
tationof anupper11mit aswellasa lowerlimittothetruecritical
strem. Thetruecriticalstresscanthusbe bracketedtowithinany
deeIreddegreeofaccuracyby takingsufficientlycloseupper-and
lower–llmit appmfimatlone.
TheI&grangianmultipliermethodmay,withtheuseof appropriate
deflectionfunctions,findapplicationstootherproblems.A general
discussionofFourierseriesandtheirme in stabilityaIMIYaiEiS.
contalnedinappendixB.
. .
BIKXUTNOOF PLA!CE—STHTENERCOMBINATIONS
.
.—
-.
.
-.
Theapplicationf theRayleighAitzenergy-t.hodtobuckling
problemsfnvolvingplateswithat1ffenersusuallyremdtsinenergy
expressionsthatarecomplicatedtiction~of thedeflectioncoefff-
cients.Thatis,evenif thetermsof theassuredeflectionfunction
havetheorthogonalitypropertiespreviouslydiscussed,energyterms
duetostiffenerdefozma~ionswillusuallyinvolvequadraticcross
productsofallcombinationsof thedef’lectloncoefflcient~.
Occasionally,forsomespecialproblems(seerei?erence4) relat~vely
simplestabilltycriteriacanstillbe der!vedbyalgebralcmul~pula-
tions;however,ingeneral,it istobeexpectedthatem exactsta–
bilitycriterloufora stiffenedplate,
l
derlredby theRaylelgh-Rltz
method,wi11consistof an Mfinitedeterminantthatisobtainedfrom
.
expllclt considerationof infinitelym.nydeflectioncoefflc!ents.
TheLagrsngianmultipliermthod canbe usedtosimplifythe
analysisconsiderably.As in theunstiffenedpLatebucklingproblems
Fretiouslydiscussed,an appropriateapplicationf theLagrangian
multipliermethodmkes it possibletosolveforFouriercoefflclente
In termsof’Lagrar@anmltlpliere,so thatexplicit consideraLion of
a finitenumberof LagrangianmultipliertakesInLoe.cooun~inf~nitely .
manyFowriorcoefflcients. Theelemntsor themethodofapplication
of theLagrangianmultlpllsrmethodtoEtiffenedplateawil1 be-pre- .—
sentedby giv?ngtheanal.ysisof thestibllityunderlongimd inal .
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comp~ssionof an Infinitelylongclangmdplatehavinga longitudinal
stiffener along itecenterlineas illustratedInthefollowingsketch:
Y
//////////////////////////////////////////////
In thisexample,the6tiffenerisassuredtahaveno
(Seereference5 for solution of thisproblemby the
equationapproach.)
tOX%JiOll!&rl@dity.
dMferentfal.-
Boundzuyandmntmuity CXmdltlons.-TIMbmmiaryCorilitionaalong
theclampededge8am zerodeflection,
v~(x,@ = wpl(x,b)= O (19) ‘
andzeroslope,
Thecondition
stlffenerisgiven
that therebe continuitybetweentheplateand
by
(20)
‘Utiff— Wpl= o (a)
Fouriererpansions.-Thebucldedeflectioneurface5.sknowntobe
sinusoidalInthelongdirection.However,thedeflectionsin theshort
d~rectionmaybe eithersymmtricelor antisymwLmical,dependingon
whichmde correspondstoa lowerbuckMngstress.Forthepresent,
tlmsymmtricelmodewillbe considered.Then,let
.
Wpl = sin~ >- h COB& “-- “-
n=0,2,4,...
‘(22)
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.
I-2
xx
=Aeln —
‘Stiff A
where k :16thehalf+avelengthof thebuckledeurfaoe.
Ener&~expressione.-Inadditionto theplAte-betiingenergy
(equation5),thestif?fener+endlnge ergy
theworkof theplatestresses
[/( )) &rl*Tpl - %( + tidyx
andthevorkof thestiffenerstreuees
mustbe taken
equatiom(5)
gives,In th
.
.
(23)
. .
(24)
(25)
(26)
.
Intoaocount.Substitutingequation(22) Into
@ (~) andequation(2s)intoequations(24)and(26)
region(O,X),(O,b),
Vpl + v~t~’ff- Tpl - %tiff
$!Ob
= ~ [fl+ n2B2)2-,%](1 + Q~2
n=0,2,4,...
~
(+27- l!128k)A2 (27)
.—
—.
—-
.-
.
.—
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where
.-
B:=-
0%%u.— b2t
(EI) Iltlff
y=~
8=J&
Constrainingrelationships.–Uhilo the
zeroslope(equation(20)) me ~atisfiedby
the boti~ ;onditloneof
Otiy by ldCi~
13
boundarycotiltioneof
eachtermof equation(22),
zerodefI.ectlon(equation(19)) aresatisfied
mx >=0
n=0,2,4,...
Thecontinuitycondition(equation(21) tillbe
theconstrainingrelatlonehip
A- Z ~co+=
n=0,2,4,...
or
A- 2 (-l)nl*bn =
n=0,2,4,...
Stabilitycriterion.–Theenergyexpression
with A andthe bts boundby theconstrainixlg
end(2g). Let
(=)
satlsfiedby=ane of
o
0 (29)
-..—
(27) mustbe minimized,
~btiomhips (28)
—
—14
where E and
Solwlngfor bn
where
vpl + ‘stiff pl - ‘stiff_ ~
(.<.; z %n-0,2,4,...[z-qA-
1
(-l)da~
n=0,2,4, ...
q am Lagrangltm
.= 2~+n2132)2
A
mltipllemo T%en,
-Ifi%(1 + 8~bn -
0 = 4(Y - 1325~A- v
,end Aglves
E + q(-l)n
l .
.
%= [(’+.,,~’ :AJl + %J
.
H. 1
2~7- t328k)
.-
(N)
(31)
.
—
.
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Substitutingequations(30)and(31)intoequations(28)and(29)gives
a m -1
E 2 2 (-l)n En = o
n~,2,4,...
1
i.l)n:::;;~’...$=o ’32)
-
-E x
n=0,2,4,...
-J
Settingthedeterminant
equations(32)equalto
symmtrlcalbuckllng
Or thecoefficientsof E and q In
zerogivesas thestabilitycriterionfor
Fora givenvalueof p, thi6 criterioncanbe usedto find k; the
correctvalueof $ is thatwhichgivesthelowestvalueof k.
TheBtablllty
simplyby letting
criterionfor
w.aln~
antisymnetricalbuckling1sobtained
L bn COS‘+
.=1,3,5,...
andusingtheLagran@anmultipliermethodtointroducethezero
deflectionconstrainingrelationship
(33)
az bn= O
.=1,3,5,...
16
(Sincetheptiffenerhasno torsional-rigidityandlies
itdoesnetaffect hebucklingstress.) The~talility
antisymmetricalbucklingbecomes
mx q=o
n=l,s,~,... .
NACATNNO.1558
.
alonga node,
criterionfor w
.&-
.-
(34)
Ifequation(34) givesa minimumvalueof k thatislowerthsnthat
obtainedfromequation(33), thestiffenerwillremainstraight-and
theplatewillbuckle”ant”isymmetrically.
Furtherapplications.- It isevident-thatthemethodgivenmay?se
usedto takeintoaccountanynuniberof stiffenerswitharbitrary
spacing.Furthermore,theeff’ectof stiffenertorsionalrestraintcan
alsobe includedly addiw *the energyexpressionthetwists energy
oi?thestiffenerandintroducingconditionsofrotationalcontinuity
betweenplateandstiffener.Themethodcanbe extws.dedto analyze
stiffenedplateproblemsinwhichdoubleFourierseriesmustbe used
(forexample,a finiterectangularstiffenedplate,clempedalongal~
e@es)j insuchproblems,approximateupper-andlower-limitsolutions,
ratherthanexact–~olutions,maybe expected.Stabilityproblems
involvingplab--stiffenercombinationsinshear,.orh combined
compressione dshear,mightalsobe convenientlysolvedby thepresent
method.
CONCLUDJIJGREMAJKS
LangleyMemorialAeronauticalLaboratoW
NationalAdvisoryCommitteeforAeronautics
LangleyField,Vs.,Sept-emberX2,1947
Elementaryexampleshavebeengivento demmstratetheapplication
oftheLagrangianmult,iyliermethodtotheelastic-stabilityanalysis
of (a)flatrectangular clampedplatesinshearand (b)plate-stiffener‘-
combinations.Exactsolutionswereobtainedfortheexsmplescon-
sidered;forotherproblems,suchastheshearbucklingofa finite .
clampedplate(appendixA),approximatesolutionsmaybe obtainedin
twodifferentwaysprovidingupperandlowerlimits.tothet~p value. .
ofthebucklingstresses.
—
m.
—
.—
--—
..-
—.
—
,’.
“
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APPENDIXA
.
.BlJCKZJ3W~SHEAROFACIAMRED RECTAN3UMRPULTE
A thinreci2Q@.arpkti C-d dO~ ~ four’sidesandloaded
Inshearalongthee~s isIllustratedin thefollovingsketch:
Y
‘ij-ij’ii~
‘“~1
>X
a
////////////////////////
> tl
Theproblemis todeterminethecrlticalvalueof tlmshearstress
underwhfcha plataof givenaspectratiobeginstobuckle.
Approximateanalysesof thl%problemhavebeengfvenby Smith
(reference6)andIguchi(reference7). SmithusestheRaylei~i tz
.
methodandhenceobtainsanupper-llmlteolutlon,whereasI~chi uses
a methodthatleavesthetypeof solutlonunspeoifled.Bothupper
andlowerMmits tothetruebuckllngstreen-y be obtainedby the
presentLagrangianmultipliersolution.
Thebucklingconfigurationmaybe eithersynnmtricalor antl–
symmtrlcalabouttheplatemidpoint,dependingonwhfchbucklingmode
correspondstoa lowercrltfcalstress;thetwobucklingpatternswill
be consideredseparately.
SymmetricalBuckling
Bo_ conditions.-Theboundaryconditionsof theproblem(see
...-— .
precedingEketch)em:
Zero deflectfon,alledges:
.
‘W=w(:-a=o (Ala)
.
.
18
‘ W(:,Y).W(-;,Y) =0
Zeroslopo,ti edges:
(Alb)
.
?%’9=K++)=0
W)”=’’)=o
(&a)
(A2b)
Fourierexpaneions.-InappendixB, condltionetabe consideredin
chooalngl?ourierseriesforuseineitabfl$tyanaly61Barediscussed.
On thebalsisof thisdiscussionthefollowlngexpansionwaschosento
representheay’mmtrlcalbuckledsurface:
1nto
Energyexpression.- Substitutingtheerpansionfor w (equation(A3)
equations(5) end(6)giW9S
V = 2Dsc4ab>
ma
(+%n21+
I’@+$)&nw+Q-“”’d“““-”-
m m
T= 2rt7c2ZZ lm~~
m=l n=”l
.
—
—
.-
.
—
.
—
,
-
.-
—
.
*—
.
..—
,
.=
.—-
.. .
.
.
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Then
where
Notethat V-T is independentof ~ since AoO= O.
19
(A4) ‘
Constmfniwrelationships.–Inordertosatisfytheboundarycon-
ditionsof zerodeflection(equations(Ala)and(Alb) it isnecessay
to impse theconstminingrelationships
\
1 (-l)mdm = O (j = 0,1,2,... ) (A5a)
m=O
2 (–l)n db = O (i = 0,1,2,...)
n=O
.
(A5b)
Similarly,inorderto satisfy,thezeroslopeconditions(equations(A2a)
ami(A2b)),itnm~tbe truethat
mxr(-1)”~ = o (J = 1,2,3,...)
In=l
azn(-l)nain= O (i = 1,2,3, . . . )
n=l
-.
(A6a)
(A6b)
.-,—.—
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~uatio~ (A5a)and(A5b)con~n theterm ~, whichisMiE3SiM
fromtheexpressionfor V - T. Theterm ~ maybe eliminatedfrom
theconstraintrelationshipsby subtractingthefirstof equatlons(A5b),
theequationfor i = O, fromtheffrstofequations(A5a),theequation
for J = O. Thefinalsetofnecessaryconstrainingrelationshlps then
becomes
+
&(-l)m (l@= o (J = 1,2,3,... )
wZj(-l)n~n = O (i = 1,2,3,...)
mI m(-l)m~ = O (j = 1,2,3,... )
m=l
m
‘s——
!(A7a)
1J(A7b)
Iowepllmitsolution.-As describedInreference1, n lowerl.im!t
to thebuckllngstresscanbe foumibyndnlmizhgtheenergy
expressionV - T (equation(A4))withrespectoallthecoefficients~
and,% butsatisfyingonlySO- of thsconstrainingrelationships(A7a)
and(A7b),say,as farae l= Pand J=q.
—
.
.
If V 2Dx4b- T isdividedthroughby theconstanterm —
a3 ‘ ‘e
functiontobeminimizedbecoms
.
. .
_.—
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Thequsm.titiesa,
‘d‘ ui~ ~J, and ?_IiareLagrangian
multipliers.Theminimizingequationsbecome
aG”o
~=
(m,.= 1,2,3,... )
1
*=0
ah
(m,.= 0,1,2,...)
1
r
(A8)
(A9)
Equations(A7a)and(An) takenw to i . p “andj = q
J
By evaluation,
& ‘~~ - ‘sD3~~ - Inm(-l)m- q~(-l)n= O (&Lo)
&—= balm. - ‘sB3~ -- An(-l)m - Um(-l)n = O (m,n# O)
Mm
(All)
.
—.——
,
.
~ = %dmo - “( -~)m -~=o ___ (N2)
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.
(A13)
.
In equations(AIO) to (A13), ~~ and Xn donotiappearfor
valuesof n>q, nordo qm and ~ appearforvalue6 of m > p.
Whenboth m>p and nsQ, (n, ~> Tn, ‘d ~ ‘-ish ‘rm
equations(AIO) and(All).Thenoneof twoconditionsispossIble,
either
4m12- ks2B%2n2= O
or
Thefirstalternative,however,forgivenvaluesof m >-p
and n >.q WIIJ.ordinarilyleadto a veryhighvalueofthebucklir@
stresscoefficient~. Forthelowe,stbuckling load,therefore,
when m>p smd n>q, .
.
-.
Fortheremaininga’s and d’s, solvingequations(AK))snd(All)
give8
-
[ 1[ 1.
—~=~m(-l)m~n + n(-l)nTm + Cm (-l)m~ + (-l)n~ (A14a)
.=
[ 1[ 1
.
b ‘ % (-l)mh + (-l)nl-b + Gnnm(-l)mEn+n(-l)nqm .-(A14b)
—=.
.
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where
23-
?mn= h
+cfm2-?mn2
-.
,.
—
%El=
%
4rm2-Qmn2 .-
Fromequations(A12)emd (A13); .
(A15)
[‘on=& -~-l) 1“h (iu6)“
It istole emphasizedthatinequaticms(Al~)to (Q6), for
valuesof m 5 p
andforvaluesof n > q
Substitutingthevaluesof a‘s and d‘s gi~enby equations(Al&) .
(JU6)baokintotheconstrainingrelatimships(A7a)and (Am) taken
to j=q and i=p gives
to
. up
.
lIn onier for th16 set of 2(P + q) + 1 equations to be compatible, the determinant of th coefficients
of the Iqrar@an multlpliera must vanish. Thio requirement leads tm a determlnantal equation from which
:IM crltioal nlue of the bucklfng coefficient may be feud by trial. An example of an eleventh-order
detirmlnant, with p = 3 - q = 2, ~HE- in~ble10
.
.
.
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l
per-limlt Sd.utlon .- Thetheoryof theupper-limitsolutionin
. theLagrengisn~tiplder Mtbd (reference1) requiresthatsonm ats
and dgs arbltrarll.ybe setequalto zero,thatexpression(A4)be
minlmlzedwithrespectotheremainingats emd dts, sndthatall “
theconstrainingrelationships(A7a)end(A7b)be satisfied.
*
.
Aq a resultof theneoessltyforsatisfyingalltheconsixraint
relationships,a -undsncy existsamongequations(A7a) (see
reference1);thisredundancycanbe remxedby discardingthefiret
of equations(A?a). Thatamtherredundancyexistsin equations(A7b)
maybe shownas follows:If
2-&-l)m~ =O
m.1
4=1 m.1 J=1m=l
andIf
2-n(–l)nain= O
n=l
ismultipliedby i(–l)iandsummd over i, theresultIs
Xquations(A18)and(A19) are
whichmaybe remmedby discarding
theequationfor i = 1.
—.
= 2/2 ‘n@)i+nafn=0 (A’g)
i.1 n.1
—-
identical;hence
oneof equtfons
a redumdanoyexists,
(A7b),forexample,
Wtththeeliminationf theredundantconditions,thenecessary
.
constraintrelationshipsbecome
.
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mz(-l)m q = o (3 = 1,2,3,.=.)rn=o”
e--2-(-l)ndin=0 (i = 1,2,3,...)
n=o”
2 In(-a)mt3@ = o (J s 1,2,3,...)m=l
azn(-l)nain= O (i =2,s,4,...)
n.1 1
(A20a)
#
(A20b)
Thenccuracyof ti upper-lhitresult,aEwellas theeaseof
solution,dependsin pert onwhichFouriercoefficientsareretained
in theannlysfs.Severalpossiblegroupingsof includedtermswere
triedoutin eolutfonsforthespecialcaseof a squareplate.The
trialsIndicatedthattheoptlmmnarran&enmntforpmcticalapplica-
tion wasa finiterectangulxmarrayof cosinecoefficients(%-l)
togetherwithoertainInfiniterowsandcolumnsof simecoeffi–
(h)cients e 0 as illustratedIntable2.
ThesoUmlts on theexistenceof thecoefflclentecanbeexpressed
as follow13:
~.o (wheneitherm> p or n> q)
%-o (whenboth m>p ad n>q)
WhentheselimitsareImposed,theconstraintrelationships(A20a)
and(A20b)taketheform
~ (-urn%yJ“ 0
ma”
$ (-l)ndin= O
n=0
(3 =
(1 =
1,2,3, . ,q)
1,2,3,..P)
“1J (A21)
.
.
.
.
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@ZjHi&l)m~ =o
P
x
m(-l)m~j = o
m-l
2_n(-l)n a- = O
n=l
Qzn(-l)n ah = O
Xl=l
Thefurmtiontobe minimized
G= 75J%J&?(l-
-!l JL
(J -1,2,3,. .q)
(4 = q+l,q+a l ..)
(i= 2,3,4,..p)
(i= p+l,p+2,...)
is
-1 ‘L+’)”ati- : ‘3X-‘-’)”a@
J=l md j=q+l m.1
3?
-7.-—i.1 11(-lp
Setting~&- = thengives
II”
~
.x“(-l)n
n=l
%“
27
(Ma)
(k22b)
(A23)
d
[ 1[ J=BW (-l)min + (–l)nklm+ cm In(-l)mcn + d-l)n nm
28
Substftutikgthesevalueabackintorxmstzalntrelationships(A21)
through(A22b)gives
9
P
+>; (-1)-J JQm = o (J = l,2,3,00g)
—
mdl
q
+ T,xnc,n = o (f = 1,2,3, ..P)
n=o
.
.
,.
-
(A24a)
——
.
..—
—
.—
.—
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.
.
.
(i = 2,3,4,..P)
Theseequationsinvolveallthe
conbe reduced,however,toa setof
multipliersup to i = p, J = q as
(i =~l,y2,...)
(A25b)
(A26a)
.—
(A26b)
multipliersg~ and qi. They
equationsincludingonlythe
follows: ._.-—
Jhwmequation(A25b),for j = q+l,q+2,...
Fromequation(A26b),for 1 = p+l,P+2,...
Substltutlng theee expressions for {J and ~i into equationa (A263) end (AZ?%) resK83ctlY91y
.give8, along with equatfcma
‘izn%’”’xn’-’)’+n
_f ~ w’”=, ,,=,,2,3,,q,
n=l m=p+l & .2
it%+? (-l)wd B@~ + [d2% ‘f J(–l)WJCmqm = o (J= 1,2,3,..g)
m=o m.1 m=l md
J-jn .~(-,,’+nllmxn.~d+nc,n,n++8 )~ti ‘.0
l-i In (1 = 1,2,3,.
n=o n.1 n=l n=l
.
.
.
.
(Ii27)
.
I I I
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ThestabllltycriterionIsa deterndnantbasedon equations(A27),
as in thelowerllmftsolution.An exzuqleof a nin~rder detu~
. ti~t, ,withp = 3 end q =2, is shownintabk 3.
AntisymnetricalBucMing
FortheanalystsofbuckllngantlaymmtrfcalbouttheDlate
midpoint,theori&n
sketch:
Zero
Zero
1
1
of cootiina%swas-takenas shownin ttifollowlng
Y
4~~~
—
-.
x
Boundaryconditions.-.l!heboundaryconditionsarenowexpressedas:
deflection,alledges .
~(x,;) .W(x,-;) = o
Td”o, y) = w(a, y) =0
slope,alledges:
%6$ =g~s-;)=o
~(o, y)=&(a, y)=O
32
Fourierexpansion.- b accordance
appendixA, thechosenexpansionis
NACATNNo.
withtheideassummarizedin
“=2- 2+-”?’0s?”” ‘“ ~
m=l,3n=O
1!58
.
—
l

-.
(A28)
Energyexpression.-Whentheexpansion(A28)issubstitutedinthe
generalfo=as (5)and(6),theresultforthetotalenergyacpression
is
f-coal T
where
~1
m= (
m2
Constraintrelationships.-
boundaryconditionsimposesthe
onthecoe]?ficients:
,
-
+ 4.$%2)2(’l+bon) .
ThenecessityOY satisfyingthe —
followingconstrainingrelatlonshiys
-—
7mE (-l)nbti=O (i=l,3,5,...)
n=o
m
L b@=O (j= 0,1,2,... )
m=l,3
(A30a)
.
.
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mEn(-l)ncm = O (i= 1,3,5,”””)
n=l
wE .w ‘0 ‘J‘1’2’3’”””)
m=l,3 1-.(&job)
Notethatthereisno temn boo tobe removedfromtheseexpressions.
kwer-limitsolution.-Thefunctiontobeminimizedbecomes
– 4k~r3%mbm~ - L “’iL ‘-”nb~i=l,3 n=o
T&r_%-t“J3-’)nc~
j=o m=l,3 i=l, 3 n=l
—
—
l’!be stabi M ty equations analwous ta equations ( A17) for the syrmsetri cal case take the form
?z”~‘$3(-1)’B’Q”’m+*’’@-’”’Js3tiw~+$3‘(-’)’“n’ ’’m=o
(J= 0,1,2,..q)
n=l
Fromtheso
coeff1cl ent.
.
n=l .=1 n=l
(1=1,3,5,..P)
L.J
?=
(A31)
$P
J ~.
equations a detannlnant can b formmi to give the critical value of the buckling s
..
,
,i
.
l
I II
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Upp9-Mmitsolution.–Sinceau of constraintrelatlons(A30a) ____ ..
and(A30b) aretobe satisfiedaccordingto thstheoryofanupper-
* Mmit solution,itcanbe seenthatoneof equations(A30a)sndoneof -
equations(A30b) areredundant.Theseredundanciescanbe provedin
theSsmemanneras forthesymmetricalcaseandareeliminatedby dis-
cardingtheequationfor i = 1 ofequations(A30a)end alsothe
equationfor j = 1 ofequations(A30b). As wasdonein theupper-
limitsolutlonforthesymmetricalcase,a rectangularrayof cosine
coefficientsandInfinite
thus,let
b==O
. . Cm=o
stripsof sinecoefficie~tswillbe retained;
(wheneitherm > p or n > q)
(whenboth m > p and n > q)
Thefinalsetof constrainingrelationshipsthenbeconws
z(-l)n bin= o
n=(l
P
z bm=o
ml, 3
+2-n(–l)nbin= O
n=i
q
>
.—
n(–l)n bin = O
---
n=l
m=l,3
+nlc@=o
(i = 3,5,7,..p)
( j = 0,1,2,. .q)
(~ = 1,3,5,.*P)
(1 =p+2,p+4,...)
(J = 2,3,4,..q)
“(J = cl+l,q+z,...)
l“.- .
Xn.1
.—
PerfonnlW operations similar to those for the synmtriaal cass gives as the final stability
equatlone:
.0 (i= 1,3,5,..P)
m
z
,
m=p+2
. .
m
z
in=p+2,p+ll
=0 (JE 2,3,4,o.q)
P P P
+
z ( )Z(-l)SBS@Uin+ !tJ 1 ‘t$)J - 81J
M!
a+ I J(–l)Jc’~% ‘
rn=3,5 m=l,3 m-l, 3
(J=0,1,2,..q)
. t .
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*
NumericalExample
s
UpperandlowerMnltsto thes-tri calbucklingstressofa
squereplatehavebeencomputed;certainEIimQMficationsarercmsible
in theoperationsfor
presentin thebuckle
that-case* Fromtiestitry aboutbothdiagonals
patternof a squareplate,Itcanbe shownthat
%=%
%n=%ll
wherethe a’s and dos aretheFouriercoefficientsof expansion(A3).
Then, in thestabilityequations(A.17)and(A27),
UEO
and,for i = J,
Thefolhwingupperandlowerlimitsto thetrueemtiical
bucklingstressooefficient’werecomputedforthesquareplate,
with p = q = 3 inequations(A17)and(A27):
Lowerlimit k~ = 14.64
Upperlimit k~ = 14.79
ThUS,thetruevalueof k= mustdiffer
fromtheman of theuppersndlowerlimits.
thesqu=e plategivenbySmith(reference6)
are 14.72 and14.58, respectively.
by lessthan1 percent
Thenumericalresultsfor
andIguchi(reference7)
-.
.
.
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FOURIER
APPENDIXB -
SERIESINST~ILITYANALYS~
Theprimaryconditionintheselecttinof a Fourierexpansionto
c be usedas a deflectionfunctionis thatitbe a completesetoverthe
regioninquestion.Thechoiceof tiebestseriesfora givenbuckling
rode,however,dependson certainotherconsiderationswhichtillbe
outlinedherein,withemphasisonapplicationf seriesin theLagrengian
multiplier-thod.
Seriesinonevariable.–It can
functionf(x)intheinterval(O,a)
twootherfunctions,ones-trical
theMdy}int x = ~ .
If
—
be shownthatanyarbitrary
maybe expressedas thesumof
andtheotherantisymnstricalabout
1
—.—
f(x)= S(x)+ A(x)
Uhere
.
S(x) = if(x)+ *f(a- x)
A(x)= *f(x)– ~f(a- x)
it Is truethat S(x)= S(a– x) isS-trical and A(x)= – A(a- x) is
antis- trical.
Whenthefunctionf(x) is tobe representedbyFourierseries,
both S(x) and A(x) canbe givenby a seriesof eithersinesor
cosines,as isshownin~igure1. Thus
s(x) = > +Jx)
. .
m
A(x) = ~b~(d
m
._
.
—
,
.-
.
,=
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Since f(x)= S(x)+ A(x), andboth S(x) and A(x) arecapable
9 of representationby eithersinesor uosines,therearethus(2 x 2)
or 4 POESiblegeneralseriesfor f(x) thatcanbe constructedfrom
thefunctionsof figure1.
Seriesin twovariables.–Letitbe requiredtorepresentf(x*Y}
in theregion(O,a),(O,b)by a doubleFourierseries.Thisdouble
seriesrepresentationcanbe derivedbywritinga sin@.eFourierseries
in x andlettlngtheFouriercoefficientsdependon y; thus,
xf(x,y) = @m(Y)qd +1—vm(Y)A&
m m
Eachof thefunctions~ and ~m canin tum be givenbyFourier
seriesin y, Intheregion(O,b) ae follows
%..
—
,,
-.-—
Then f(x,y)becoxmm
‘(x”)‘x= a=AJx)AJy)‘xxb~AJx)sJy) .-
m mn
.J.
‘xz_c=sJx)A4y)+zxd~s~x)s.(y?..._.“
m. m.
It cenbe provedthat
f’(x,y) = S(X,Y) + A(x,y)
40 NACATNNO.1558
where
b
~(x,y)=~”~-amAm(x)An(y)+>~mSm(X)Sn(Y)”
—,..
mn mn
issymmetricalboutthemidpointof theregionand
“(x”)‘~ E’WAJX’SJ’)‘Ez C=SJX)AJ’) —
n mn
.—
——
.-
1santisymmtricalabouttheeamgpoint.
Sincetheterms Sm, %3 ~, ~ in theseexpressionsCm be
givenby eithersinesor cosinesfromthegrohpdepictedinfigure1,
therearethus(2 x 2)2or 16 conibinatlonsfFourierseriesbywh[ch .
a s~txi cd.or entlsymamtricalbucklingpatternw be represent.ad
Fora generalpattern,neithersymnetricalnor antlsymnetrical,a
choiceof16x 16or256pssibleserieeisavailable.
Choiceof series.–Thesimplestapplicationf theRayleig&Rltz
— .—
energym tlmdoccurswhehtheserieschosenforthebuckledsurface
notonly~atisfiestheboundaryconditlonstermby term,butalsoleads
tointegralsof productsoforthogonalfunctionsinthnevaluationof ,
theenergyexpres8ionB.Thisoccurs,forexeqle,when a double SIB
seriesisusedin theanalysisof thecornpressivebucklingofa simply
supportedplate(reference8).
Inmorediffiw~Lbucklingproblems,suchas clsmped~lateproblems,
thesimplicityof’thiscalculationanbe approachedby choosingseries
whichdonotsatisfythegeometricboundaryconditionstemnby termbut
whichdo havethedesirableorthogonalpropert1es;theLagrengian
multipliermethodisthenusedtomaketheseriesas a wholesatisfythe
boundaryconditions.Thus,inreference1,a double00Slneeerieswas
employedIntheIagrangia.nmultiplier~tlxxlof f’inding-thecompressive
‘bucklingloadof a clampedplate.Oneimportantconsideration to be
keptinmindinchoosinga particularseriesforusein thisnmthodis
that,forreasonsof’rapidconvergence,theuseof cosinesratherthan
sinesforclamped-edged flectionsurfacesispreferable.
Forthecaseof symmetricalshearbucklingof a rectangularclamped
plate,thefollowingseries(equntlon (A3))waschosen(orlginatplate
midpoint):
—
.
— —
.
.—
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Thisexpsmsion,havingthegeneralform
.
.——
is a combinationf synnmtricalcosinesandantisymmtrlcalsines.Aa
isdesired,theenergyexpressionsinvolvetheproductsof orthogonal
functions;theboundaryconditionsof zeroslopeanddeflectionare
. appliedto thesinesandcosines,respectively,by mens of Lagrsnglan
multipliers. Itwasnecessarytoincludesinesaswellas cosinesin
theseriesinorderto achievethedesiredorthogonalproperties;
however,theportfonof thedeflectfonfunctionsymbolized
by‘xza’-S (x)Sri(y)wasIntuitivelybeliemdtabe theI?KIre‘
mn
importantandtherefore,forreasonsof rapidconvergence,waschosen
tobe in termsofcosinesratherthansines. Similarconsiderations
dictatedthechoiceof e<uation(A28)as thedeflectionfunctionfor
antis- trlcalbuckling.
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